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ABSTRACT

The stresses and deflections in a circular, cylindrical

shell loaded at each end by a force and moment applied through

rigid rings are presented.

The shell may be stiffened by additional rings, and it is
assumed that rapid changes in stress and deflection occur only in
the axial direction in the immediate vicinity of a ring.

I. ANALYSIS OF A CIRCULAR, CYLINDRICAL SHELL
LOADED AS A SIMPLE CANTILEVER

Consider the problem of a circular cylindrical shell loaded at each end by a force (F) and a moment

(M) applied through rigid rings (see Sketch A). The shell may be stiffened by additional rings, but there will be

no consideration made of longitudinal stiffeners. The resulting stresses and deflections will be computed,

assuming that rapid changes in deflection and stress occur only in the immediate vicinity of a ring and then

only in the axial direction.
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Sketch A

A. General Equations

The general equations of equilibrium, Hooke's Law, and Moment-Curvature relations for a circular,

cylindrical shell are, as in Timoshenko, 1 as follows:

dNX dINX
a + =0

dx d4

01 z o
d N . dNx4,

ddHxa -+ +N 0

a z a0

da 0 8M4 +oa Q = 0
elx 4

iTimoebonko, S, Theory of Plaes and SAelam, S 88, McGraw-Hill Book Co., Now York, 1940.
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- a - + aQ = 0

1 U (N -v NO)
X 01X Eh

= - w = (N--v N-)

a 61 q a Eh

0 u +6v 2(1 + )

ac4) ax Eh

I =-D(XX + vXO) Mo =-D(XO + vX)

MX= D(1 U V) X

a2 w 1 / +v a2w\

xx ¢ = 6 - + -

1X (.3v a32 w

a Cx axak

These equations can be simplified as a result of assuming the solution to be separable into two

regions of different character. The region away from the immediate vicinity of the rings will be termed the

"membrane" region, as it is expected that bending effects will be unimportant here. The region immediately

about the rings will be termed the "edge" region and bending effects should be dominant.

3
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B. The "Membrane" Region

This region is characterized by a relatively slow variation of the dependent variables with respect to

both axial and circumferential directions, i.e., for all dependent variables (q),

dq =0 (q) dq = O(q

If (wO) is defined as the maximum normal deflection anywhere in the shell, the appropriate nondimensional

variables seem to be

^ - ,- U , , V .. wX = - = - V = - = --

o~ a NO a N, a NX-O% a Qx
No NX= NX0 Q

Ehw0  Ehw 0  Ehw0  Ehw0

a Qs O MS 4 M X M xq*

Eh w0  Eh w0  Eh w0  Eh w0

With these variables, the general equations become

_+ _ O+ =0

a i a 7

LINa

x4 x
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/ a\ " aQ d

+ - + N=o0

-+ + .- -

I Mx . a +

L21 ) a92a2 q,/

_( _ - Ia- a2/a.

TI), L

- 1 .- NX -No - - wNo - v NX
LI ax

C u /a\. dv (ct2-~a d2( ( ))Nm( ) .( )a- C
a0 L a12(1 - V.,2) L 13Z a do)4

( 2 2 n a - a2;~
AIX - -+1 V + -

1201 - 1,2) [k ) E2 dckaxI

(1 _V) dF o 2 ) x2

Thus, it is apparent that, an w = 0(), we have

5
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providing (alL) = 0(1).

For (/a) < < 1, we can formulate this "membrane" region solution in terms of a parameter (f6)

where

If we assume the following dependency of the solution on the parameter (/3) as /- 0,

W ('8, ^', () = o (2' 4)) + 8 3(m) (', 4) +

V, (/,2', p) = ,M) (Z', 0) + 8 AM) (, 4) +,0 z1

NOn(+, ,4)=")o X', ) + ,

N = (m( , ) + .)
x, (X' 0' X)= " o(, /  ,

N4 ( , ', 4)) - W 0 + 8 ) 1 " (k) + "

M (6, ', 84. m') (',4) + 85 (,) (', ) +...

X 6, 0 X, 1

I8 m, (I
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Q, (6, X,) '8/4 q~r~ (m) (X^, + /85 q(~(' )+

QO (/ '8, '8 =/4 q~l)0 (Z,4~ + 835 qt) (M <) +

the general equations for tbe "membrane" region solution become

a L) n ~(M M

+ -0 -m~ ) av (

=% 0 -, =2(1 + v-)n O0
ax (L) a z

\L) a2 x 0

( a) (m ) 0  a m On )

_3z --
0(fi

mao L~-4 a __+axc

7
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2 a12W(m) /dam 2w(m
X, 0 + /1

4 a X 2  C1 2

m~~m1 l [7 v gm ) a2W 4m ) \2 ,( l

(0 0 4 k L Cj 2 J

and a similar set for the second-order terms.

C. The "Edge" Region

This region is characterized by a relatively rapid variation of the dependent variables over a distance

of order (8) from a ring in the axial direction, but a relatively slow variation in the circumferential direction,

i.e., for all dependent variables (q),

-= - -= O(q)

ax 31

Thus, the appropriate coordinates seem to be

x - x.
(k, X* = -

where (x,) is the axial coordinate of the ring in the vicinity of which we want the solution.

If we assume the solution in the "edge" region to be given by the solution in the "membrane" region

extended in to the "edge" region plus a correction, that is, take

'='(e) (X*) + UM) (, 0) + 8u(') ,q) +..
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= vY~(e + V~l(M dl) + /3 (M) G~, )+

=j(e) (x)+ W(m)n4) + /3 (m) +

N N e) (x) + n (i) (.V 4) + /3n7!k 1M ( +

v x ) + , /3 ~0  (2, I)

N Ne) (x,4) + 34q ) ( ', )8 () G

N (e) (X*, 4) j34 G-n3 , ) +

~(e) (x*, 0) + A4 q () z

(e) (x*, 4)+ /84 m$q (2',4 +

MI M~e) (x*, 4)+ 834 mn(m) (x )

the general equations become

a) aNe 9N(e)

..- +~ ax (,2

a49 N~)dNxe

9
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(a) x6 ,.6

ax* d o 4

_ a (e)
a - ) z  + N(e) + ( 6 )

aaz*

(()

- -__ = - (e)- +

( a ) a + ,,, __e + ___,8 2,)

do

1- - 2(1) +v , V N +( 0 2)

( , ) 2_ 

_

a (a)
(&) 2 ) .~)a~e

12(1 - ) x*

, \2

xM~e a (a a~ (e + a v(e) a+12 nw (e) 086

12(1 - L\ a 9 a2 ak8 *~ 2

10
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If we assume )= 0(l), it follows from these equations that

c) 0 ;%\ o.\ 1

= 0(1) N -) = 0 Ne

"(C) = (()

Q 0 D Qa 2)

where, S = 0 ( /7k) is the characteristic length of the shell.

In terms of a new coordinate ( ) wbere

let us assume the following dependency of the solution on the parameter (f) as /3 ., 0:

y'(e) € , , = /3 4eo) (, ,) + /3 . (, ,) +..

a(e) (/3,I, (e) =

wher, ( /2h is , c) g the shel.

11
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(/3 4,,0 A)
(3,8 , 4) = ,(,) (0 , 4) + p €) (, ) +

) (/,8,, ) = 8 (e) 4, 6 + 2z, +

0 qX,0 X4

Me ('8 4,, f.) = p82 mn~e) (4,, 4) + p3 M (4, 4 +

Me (/,4,p, 4) = p2 m,O (k, 6i) + '83' 4, ,4 +

Q(e) (/3, 4,, 4j) - 6 q~~) (4,) + 0(p8) (e) (/3, 4p,,!) - p2  ?o(,4)+(/

On substituting this assumed form of solution into the general equations, we obtain the following

equations for the "edge" region:

an(e) n(e)
,0 0

aq e a2¢,+ =0

04, 0 4 I21 o))
- 0 m ()

___, 0

dm, 0(e)Me) VM)

qx__ -10+ q X 0

s, n )12 =

12
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dU(e) 9U(e) , V(e)
0 - + =2(1 + 0 (e)

C1, el(00 ', 0

= - 0,,_ a
2W(e)

0 01,0 "X0, 0=

Thus, in principle, the solution in the "edge" region is given by

-. = (M) (z. 1)%,)( =O(3

N" -- (m (x, ) + 0() N =V() (X , ) + o()

N=nro ( , 4) + W( ) q),+ ())

N = ,q) (ck' P) + 0() N (M,) (xi, k) + 0(/

N /e m) o (1, ) + ( ) Q= 82 q () e) + o(,3)

D. General Solution

In order to insure the proper symmetry with respect to (), let us assume

-0) A ,n sin n4), A. = constant.
n SO

The remaining functions of the "membrane" region become

13
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'O L --
1

rai ' t :0..

X,'' 0 -B + n A z )o co n(
a n no H

V(Om) = '0. [(1 + V)An - n (+)+(Cn'axB+ D sin ni

U(M)[A n 2+ v a -= ( B ( + + +n cos

0a n 2

Similarly, if we assume the radial deflection in the "edge" region to be proportional to (cos 'a ), it follows
that [2(1 + M) is the solution of

0 0 04a 6 2

W(M) ~ ~ ~ ~ = LI2(L ) 2 0nn . o

a ,

orr

0 ) n z [ A ( E 2 c o s + v) s in + ( 6 o 2, + , in c o s

'a 40,*"*

14
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The remaining functions of the "edge" region become

[aiCe W(e) a ,(M)
V= o Faw-e +3 1+a 0 +.

E [... f e CE, (cos 6, - sin f) + F., (cos e, + sin 6,]

86 no,...

+ e [ G ., (cos 6, + sin 6j) + H.n (cos i - sin e,) cos nq +

X, e i ( - Eni sin 6i + F.i cos 6i ) +e ( sin i H.i cos 6i)] cos nO
2 n =0,...

E. Problem I

Let us apply the above solution to the problem illustrated in sketch A (page 2), but omit the inter-

mediate rings. The constants of integration must be chosen such that, for the particular value of (xi) the "edge"

region solution dies out as distance from the edge increases, and the following boundary conditions are

satisfied.

U = 0 u = a a cos 9

V = 0 z V = 8, sin q6 - L
0 x =0; g= -=0 X = L, e4 =  =0

w=O8 w= Sh cos 8

V :0 V = a cosq

Thus, to first order,

7, CM coo n 0 - 0
M .O ...

15
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Z Dn sin nO = 0
n sO,

(L Z Bn - n2  Dn] coB nf + GnO cos n 0
a n so,. a n so,...

(Zno - G,; cosn n = 0
n o=,

S+ Bn + C) cos n =( cos

L ) [ (L ) 2 (-n~n  B n  nS 8h

a(1o[2 + v) An - n a6 + 2+ Cn + D sin n¢ - sin

L n + CO- B - 2L =h) CO.A B

n = 0 n "" 2 w
a ~ (a +0 n ) n  a6 + 2+ C n + Dn) coo n

+ ZE EF)o n con C Cs

n so,... \ o/

where, Eno Fno, Gnl, IIn are taken equal to zero.

These equations represent eight equations in the eight unknown constants of integration for each

value of (n). As the sets are homogeneous for all (n, n 1) only the constants Al, B1' Cl' DI; Ell, Fll,

G10 , H10 may be non-zero. Therefore, as (Sh/wO), (ca/wO) = 0(1), the above set of equations leads to

16
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C1 =D = 0 HIO = GIO = • BI

2 (L)2

( + V) +

24

S4L2

(L + v) +
24

(+ (-') (
24

Fl = -Ell + 0(3)

In order to relate the deflections (S h, a) to the applied force (F) and moment (M), let us consider the

equilibrium of the left-hand side of the shell, as shown in sketch B.

17
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A t + Fl. . #

Sketch B

If the segment of the shell under consideration is of length (1), where I > > 8, the stresses will be those

given by the "membrane" region solution, and the requirement of equilibrium leads to

F f 2r N. (x-l) a dk sin

M + FL =f /[Nx(x=l) a cos +Nx(x-=) lsink l ado

As

Eh wo fL
N-= (B1 + Ax) Cos0

Ehk
NX0 = - . A 1 • sin

a

we find
M

F L

rEh w0  irEh w0

is
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Therefore, it follows that

(L)2 (F + HL)

7rEah

h= .f_ 2 F (1 + () + +
-TrEah 62L a

and

vME = - ___

7TEah w0

In the summary, the solution in the "membrane" region is

N Fsink L con~FU

N ,Ob .I-0N qb = x • + F 1 --
7aN 

77a 2 L

(L) 2 ( x) [Ff 1  ) .Co

F ( 1 x)+ coo

L~ I 2L iL

L1
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( =f • F 2(1 + v) + M- ( + L). z sin7TEh 2a2 L3L) L .a 2

L cos 0 F + (2 + 2. _/)

7TEahfIVL 22 L3

_ _ _ _ + ( 2 L 2. ( ,()2( ) : )

while, near the built-in ring, (60 = x/a > 0)

U, v - 0

v L coBo'
w = F + • - • O (cos 0 + sin f0))

7TEah

L Cos~ /6 FsiN, = (F +- N= F infi
NZ f 2 L o 77a

N vL_ (F + • • (con 60 + sin 60 ) • cos B

7Ta 2L

20
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At / 2 . (F + 0~ (Cos -sin ! )Cos (
2 7Ta

and near the free end,

x-L
-< 0

L s 2

= • F l+ )+

7rEah 2

(L )2s Mb (L 2

W o b 2 ) + - a) •m [ -i eif (Cos 1- sin )

7rEah 6 L 2 L

N cosr F sinN -- N.4 =
7ra2 

7ra

21
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N 0 (V el. (coo -sin 61
) cos

=- ( - • • I • (cos I + sin !i ) cos
2 'ira/

F. Problem II

As a modification to the previous problem, let us consider the effect of adding a ring at the inter-

mediate point ['" = m; m, (m - 1) > > 8/L]. By idealizing the ring as a rigid diaphragm, i.e., the ring

offers no resistance to warping of the plane of the ring, but infinite resistance to distortion out-of-round, the

shell must be separated into two regions, as shown in sketch C, with the following conditions on the solution

at the interface

U, v, w, V, MOP N, N %, continuous

V = Shr sin 0, w = , cos (k (circularity conditions)

where (81, r) is the vertical deflection of the intermediate ring center-line.

REGION REGION 1

--mL'- 41

Sketch C

22
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As in Problem I, the additional conditions on the solution are that

u = 0 u = aa cos

I==0; 60 = - 0 hiL;i - L =0
W =Z8W = Sh Cos /( /
V = V = <. cos

and the "edge" region solutions must die out as distance from each edge increases.

If we denote with a superscript (1, 2) the constants appropriate to regions (1, 2) respectively, and

introduce the coordinates of the "edge" regions as,

x z -mL x - L
o - >-- 0 !x < 0

the solution can be written

L =0,2.. 2~~(.A(' (2 +a -0** vB (()) (a ~)

+ Cmx) z + Bn)) cos n (0 < X, < M)

W(e) =e'(E cos !f + F( sin 61) + e ("I cos ej + sin Cos

0n,r n=O,...)

(0 < S < in)

23
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and so on for Region 1; and similar relations with the superscript (1.) replaced by (2.), and the summation on

(i) replaced by (i = r, 1) for the solution in Region 2.

On substituting this assumed form of solution into the boundary conditions, we obtain

.. C~)cos n k = 0

nD ( 1 ) sin nO = 0
n so,"'

vB ( 1 ) n2 (D cos n + ZO cos n 0

n=0r*., n so,*'

H )  G(1 ) cos n' q 0
n r ..- 0

- 2)+ + C (2 cos n (- cos

(2) B 2

(L) O,... [2(l (2 - n (L 2 i ~nBn2) C\ ( (2 ) +n

Sn 2 w

E+1) con f cos
n n O, n

ft s,* ( )

24
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-(E2 ) )) + cos n = w / coo
n ... *00 o.

1 ( n +( B (1)+ m + C OB co n (k* (n2)m + B()m + C(2) cosn nct

-O+ + + D( 1  sin n[2( +2)nAnl

[ [1 + V) mA( 2) - n - (nA4m + C(2m ) + D(2  sin q6

S0, 6 2

L ((1)[n t) (2 + V) in - V ()- (2 An") m3  + n(1) m2  + m ~ ~ +D 1'l C B 14

(n+ + C ( o

n 6 O, ..- 6 2

+ .(1 ) co2 nc

nln
n =0,---=0, .n .

8 t0,.., F *0,*...

25
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(F( o .cs a (-2)) coo. n

nr nr-
n nO,.., a *0,

(B40) + ,nmA )o. = (B(2) + mA(2)) cooa
- 0,.. n so, o

F 'L' (A1 ) m 3  B( 1) n2  snmq

L [2(1) + .. n
n \aI() 2 M11+D,')

\WO)

LL F 2 1nA I,) m3  B n() m 2

IA,(' ( + V) in - VB( 1 ) n2 n C"l) D()) coo.~
na,... \a/ 6 2

+ E C1 os n= b - coo (

n M0,... Io

where

E( ) F(1) =0 E(2) F(2) 0
= 0 nr= nr =

G(1)- H(1)- , 0 G(2) H (2) 0

in order that the "edge" region solution dies out properly as ( I) - -.

26
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The above equations represent n-sets of equations of sixteen equations each. As all sets for

(n, n 1 1) are homogeneous, it is only the solution corresponding to (n = 1), that is non-zero. On making the

substitution (n = 1), the solution can be obtained by inspection to be given by

Cil= D(1 c( 2) D() = o

A (1)  A B 2) B(1) ' ( 2)

1 1 1 1

GM 11( 1 ) BM

10 10 1

11 11

E(1 - G() (2) Fl

whereIF- 

I I 
I

are the solutions of

w0

(L 2 ( (, ) _ , _ _ a

(L) [21 (+ ') A (1 ') L (2 A + I 'h 1 =(

[A A (2 + V ) B) -+ +E(2

27
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On comparing these equations with the corresponding ones of Problem I, it is apparent that the

solution to this problem is given by the solution to Problem 1, with the superposition d the local "edge"

region solution at (x = n). Thus, in addition to the results given in Sec. I-C and I-D, we have the following

bending corrections to be superposed on the "membrane" region solution at 62' = n):

w 7a Al. ( - in) + ML •rEah

vL- ( - m) + *e - (cos + sin !r) coso ('- > m)

77Eah IL

u =v = N =0Nx

i"ra 2  L

vL . [F(1 m) + e (cos r + sin r) coso (> m)

7Ta2 L

V2'ra e r (cos !fr + sin 6r) cos 95 ("< M)

_ _L/2  F(I - m) + • (co 6r - sin ,) cos (">m

2 ra L2

28
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II. DISCUSSION

The preceeding analysis presents the stresses and deflections of a circular, cylindrical shell loaded

through rigid rings as a simple cantilever. It was shown that the presence of intermediate rings, idealized as

rigid diaphragms, had no effect (neglecting terms of order / compared to unity) on the stresses and deflections

of the shell except in the immediate vicinity of the rings. The axial stress can be shown to be given by

..(..0 =0) (Cos (
6/3(1 _2

where z = h/2, - h/2 represents the inner and outer fibers respectively, while the influence coefficients

are

(L)(L

nEak 2L

a_ . 2F 1 +P)+ (+)

7fEh 6 a

These coefficients will be recognized as those obtained using Elementary Beam Theory if the shear correc-

tion is made. However, this same theory predicts only the leading term in the expression for (0oX). Thus, the

maximum axial stress is approximately 50% higher than that given by Elementary Beam Theory.

Finally, though this analysis was applied only to circular, cylindrical shells, it essentially points

out that, for the general shell of revolution that is not shallow, a satisfactory solution for thin shells can be

obtained by superposing the solution derived above for the "edge" region on to the "membrane" region

solution appropriate to the given shell under consideration.

29
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Appendix A

Deflections of a Rigid Ring

Let us define (u, v, w) as the displacement components of a point on a rigid ring normal to the ring

plane, tangential to the ring center line and normal to the ring center line in the ring plane respectively

(See Fig. A-i). If the ring centroid is given a displacement (8a) normal to the ring plane, (8 h ) parallel to

the z' -axis and a rotation (a) about the Y' -axis, it is evident from sketch A-i that the displacements

(a, v, w) become

13 = S + ,a sin q6 V =-h Cos q6 w =S sin 96

where (a) is considered to be small, i.e., a 2 < < 1.

Vm

Sketch A-i

3O
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Appendix B

Boundary Condition on (V)

Consider a point on the boundary of a shell of revolution at which we construct a unit vector (s)

tangent to the local meridian (see a cf sketch B-i). If this vector is rotated about an z-axis lying in the

horizontal plane at an angle (0) to the meridian plane, the angle of rotation (V) of this tangent vector in the

meridian plane can be shown to be given by

V' a cos 0-- = a sin 0
2

It is evident from b of Fig. B-2 that the projection of the unit vector on the (y, z)-plane is a vector

(W), where

-I = /sin2 +co 2 4 .sin2 9

The rotation of the vector (4) about the x-axis through an angle (a) results in rotating the vector (a) to a

new position (W') where IM I = Im' 1. If we define an angle (16) such that tan 1 = tan 4/sin 0, the

change in (e) will be A* = 10 1 a (- e. cos /3 + .y sin /6), where e,, *Y are unit vectors in the (z, y)

directions respectively. As ey - • n cos 0 + o, sin 9, where (9,, on) are unit vectors lying in the (z, y)-

plane but tangential and normal to the meridian plane respectively (see c of Fig. B-2), the change in (e) can

be resolved into components, one lying in the meridian plane (A o., and one lying in the horizontal plane

normal to the meridian plane (A en), that is

A .- As+ An, A o= Isla (-., coo '8+ .. sin/3 sin 0)

A., - I-IC (o. sin 3 cos 9)
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Since the angle (V) is defined as the angle between (*, e + A9,.), we can write the vector product as

I& x (9 + A 01r) I- I I Is + A O'l v

With e = e1 sin k + e , con q, it follows that

Ie+ Ae.l= (sin ck- Im,! cog /3)2+ (cos ( + Im1 sin /3 sin 9)2= 1+ 0(a)

o x (e + A.*)I =I. x A..I = I-I a co/3 (sin q tan /3 sin 0 + cogn

= a sin 0

Finally, V = a sin 0 [1 + 0(a)] - a sin 0, X< 1.
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(b)

X.

(a)

Sketch B-i
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